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ON A NET OF TETRAHEDRA ASSOCIATED 
Wii rATsPAGH CUBIC’ CURVE 
By K. RANGASWAMI, M.A., M.Sc. 
[Received 25 April. 1937] 


1. It is well known that the locus of a point the feet of the 
perpendiculars from which to the faces of a tetrahedron lie in 
a plane is a quadrinodal cubic surface, having nodes at the vertices 
of the tetrahedron and containing its six edges. This locus* 
known as the Steiner’s pedal locus of the tetrahedron is the 
isogonal transformation of the plane at infinity with respect to the 
tetrahedron and contains «7 twisted cubics through the four 
nodes which are the transforms of the lines at infinity. Among 
these, the cubics that are the transforms of the tangents to the 
absolute conic Q have the peculiar properly of meeting the plane at 
infinity in the vertices of a triangle circumscribed to the absolute 
conic. 


A special feature of any twisted cubic of this type, namely, 
that the feet of the perpendiculars from any point of the cubic to 
the faces of any inscribed tetrahedron lie in a plane was noticed 
by H. W. Richmondy who also extended the result to a norm- 
curve in an Euclidean space of u-dimensions. However, the 
converse problem of specifying those inscribed tetrahedra of a 
twisted cubic whose corresponding pedal locus contains the cubic, 
appears not to have been attempted so far. If for simplicity we 
call an inscribed tetrahedron A of a twisted cubic T a pedal 
tetrahedron if the feet of the perpendiculars from any point of the 
cubic to the faces of the tetrahedron lie in a plane, the main 
purpose of this paper is to show that the totality of pedal tetra- 
hedra of a twisted cubic constitutes a net, It will be found that 
Richmond’s result appears as a special case of our main theorem. 


2. Leta, b,c, d be the lines of intersection of the plane at 
infinity with the faces of A and ¢ a tangent to the absolute conic . 


* Baker, Principles of Geometry, Vol. IV, 12-27. 
+ Proc. Camb. Phil. Soc. 22, 34-38. 
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Consider the net (N) of quadrics apolar* to A and outpolar to &. 
The quadrics of this net will meet the plane at infinity in a net (7) 
of conics which will be outpolar to @ and also to any inconic of 
the quadrilateral 5 formed by the lines a, b, c,d. Hence the three 
pairs of opposite vertices of any quadrilateral circumscribed to © 
and to any inconic of 8 will be degenerate class conics inpolar to 
the conics of the net (7) and therefore will be isogonal conjugatesy 
with respect to A. It follows therefore that if S is the unique 
conic touching a, b, c, d, t and if ty, te, ts be the three common 
tangents of S and © other than ¢, the isogonal transformation of 
the line ¢ will be a twisted cubic through the vertices of A and the 
points (fe, ts), (ts, t1), (ti, te). We have thus the result: 


The isogonal transformation af any tangent to the absolute 
conic is a twisted cubic through the vertices of A which meets the 
plane at infinity in the vertices of a triangle circumscribed to the 


absolute conic. Cink} 


Now, the seven linearly independent class quadrics inpolar to 
the net (NV) of order quadrics may be taken to be the six pairs of 
points consisting of any two vertices of A and the absolute conic Q, 
Hence any class quadric inpolar to the net (N) must be linearly 
dependent on these, Thus, a pair of points #, p’ conjugate to all 
the quadrics of the net, i.e. a pair of isogonal conjugates for A, 
must belong to this linear system and hence must be the foci of a 
quadric of revolutiont inscribed in A, In particular if ~’ is at 
infinity one of the quadrics of the net (N) has its centre at Pp, and 
in this case p is the finite focus of an inscribed paraboloid of 
revolution, Consequently the feet of the perpendiculars from p 
on the faces of A lie ina plane. Hence we see that: 


If the feet of the perpendiculars from p on the faces of A lie 
on a plane then pis the centre of a quadric of the net (N). 


3. Let P,Q,R be the points in which the twisted cubic TP 
meets the plane at infinity and A any-inscribed tetrahedron. Now 
in order that a point O onT should have a pedal plane fia it is 


* The term ‘apolar’ is here used to m thaws 
tetrahedron’, ean ‘having a for a self-polar 


t Two points are said to be iso : 
_lsogonal conju i 
tetrahedron 4 when they are conjugate with hespeeaic Nie Pipit te: Hi 
having A for a self-polar tetrahedron and outpolar to the ‘Absolite quadrics 


{If the tangential equations of the vertic 
F : CS) OF = a 
D=0, those of a pair of 1sogonal conjugates be P=0 Pav asat Cate wt 
equation of the absolute conic be p=0, there is a relation f . the tangential 
\PP'+9=) 4p AD+...4>—-BC oz the form 


On a net of tetrahedra 257 


necessary and sufficient that the unique order-quadric apolar to the 
two tetrahedra A and OPOR must be also outpolar to 2. Taking 
the familiar mode of representing the inscribed tetrahedra* of a 
twisted cubic in [3] by the points of [4], the quadrics inpolar to I 
and outpolar to © will be represented by the lines of a linear 
complex in [4]. The unique tetrahedron which is in general 
inscribed in T and circumscribed to Q corresponds to the singular 
point of the linear complex. Since OPOR is a pedal tetrad onT, 
by varying O on IT, we have a pencil of pedal tetrads which is 
represented in [4] by a line / of the linear complex. 


Now, it is easily seen that if A is a pedal tetrad, any two points 
and therefore every point on TI should have pedal planes for A, 
Thus by our representation the problem of determining the pedal 
tetrads on T is equivalent to that of finding the points A in [4] the 
line joining which to any point on / is a complex line. It follows, 
therefore, that all such points lie in the polar plane of / with 
respect to the linear complex which is also the plane determined 
by / and the singular point o of the linear complex. We have thus 
proved the main result of this paper, viz.: 


The totality of pedal tetrads on a cubic curve T constitutes a 
net. (3.1) 

We note further that if A be any tetrahedron of this net, the 
pencil of tetrahedra determined by A and OPOR will also be pedal 
tetrads. 


Proceeding to the case when the triangle POF is circum- 
scribed to the absolute conic 9, every tetrahedron OPQR 1s 
circumscribed to ©, so that there is a pencil of inscribed tetrahedra 
of I circumscribed to 2. Hence by a known theoremy there must 
be a net of inscribed tetrahedra of T also circumscribed to ©. 
Consequently the linear complex in [4] has a plane wo of singular 
points so that the line joining any point A of [4] to any point of 
the singular plane is necessarily a complex line. Hence in this 
case every tetrad of I is a pedal tetrad—which is Richmond’s 


result stated in the beginning. 


4. We will now proceed to specify geometrically the net of 
pedal tetrads on the cubic curve I. Now if A is a_ pedal 
tetrahedron on TI, it is easily seen from (2.2) that among the 
quadrics of the net (N) there isa pencil whose centres lie on I’. 


*R. Vaidyanathaswamy, ‘On the rational Norm curve II’, Jour. Lond, 


Math. Soc. 7, 54-5. 
+ On the rational Norm curve IJ, loc. cit. p. 54, 
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The quadrics of this pencil meet the plane at infinity in a pencil 7 
of conics contained in the net (n) and having POR for a self- 
polar triangle. Since the quadrics of the net (N) are apolar to A 
the three pairs of opposite edges of A meet the plane at infinity in 
three pairs of points conjugate for the conics of the net (m) and 
therefore for the conics of the pencil y. We thus infer that the 
pairs of opposite edges of A meet the plane at infinity in pairs of 
isogonal conjugate points* with respect to the triangle POR. 


Conversely, let ~, p’ be a pair of isogonal conjugate points 
with respect to the triangle POR and A the inscribed tetrahedron 
formed by drawing the chords of [ through p, ~’. Now it is easily 
seen from the characteristic property of the twisted cubic, that 
OR, RP, PQ determine related ranges with the faces of A. Hence 
if the faces of A meet the plane at infinity in the lines a, b, c, d 
there is a definite conic o touching a, b, c,d and also the sides of 
the triangle POR. Thus the pencil y being outpolar to the linearly 
independent conics o, 2 and (pf, p’) is contained in the net (”). 
This implies that there is a pencil of quadrics of the net (N). 
whose centres lie on ['; in other words, A is a pedal tetrahedron 
ofl. We have therefore the result: 


The vertices of a pedal tetrahedron are the extremities of 
chords of T through a pair of isogonal conjugate points with 
respect to the triangle POR. (4.1) 


Pra tee, Oe ; ; 
* ‘Tsogonal conjugates’ in the non-euclidean plane with @ as the absolute 
conic. 


THE MULTIPLICATIVE ARITHMETIC 
FUNCTIONS CONNECTED WITH A FINITE 
ABELIAN GROUP 
By T. VENKATARAYUDU, M.A., University of Madras 


Introduction, 
An arithmetic function f(N) is multiplicative* if 
f(MN)=f(M)f(N) 
whenever the integers M, N are relatively prime. The function 
F(N) defined by the equation 


F(N)=). fil8)f2(4 ) 


summed for all divisors 5 of N is called the composite of the two 
arithmetic functions f;, f2. If f,; and f> are multiplicative, it is 
easy to see that their composite F (represented by f;.f2) is also 
multiplicative. 

Analogous definitions may be given for functions of several 
arguments. Thus the arithmetic function f(1/,, M2,...M/,) is sa:d 
to be multiplicative if 

f (M,N, M2N2,...M,N,)=f (M1, Ma,...M,)f(N1, No,...N,_) 


whenever the products M,M2...M,, N,N2...N, are relatively 
prime. The notion of composition may be obviously extended to 


functions of several arguments. 

The function of r arguments J/,, M2,.. M, which takes 
the value i for all values of its arguments is denoted by 
E(Mj,M2...M,), The composite of f(M;, M2,...M,) and 
E(M,, M2,...M,) 
is given by (f'E) (My, Mo,..M,) =f (81, 82,...8,) 
summed for all divisors 5; of M; (:=1, 2,...r). We call frE as 
the integral of f. 


It is known that given an arithmetic function f(N) there 
exists a unique arithmetic function ¥(N) such that the composite 
f.¥ vanishes for all values of its argument other than 1 and takes 


* See Dr. R. Vaidyanathaswamy “The theory of multiplicative arithmetic 
functions” Trans. Amer. Math. Soc., Vol. 33. pp. 579-662. (1931). 
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the value 1 when the argument is equal to 1. We call ¥ the 
inverse function of f and denote it by f-'. It is easy to see that 
f—' is also a multiplicative function. 

The multiplicative arithmetic function f(N) is said to be a 
rational integral function of degree rif f-'(N) vanishes for all 
values of N divisible by an (r+ 1)th power. 

In the present paper we consider the four multiplicative 
arithmetic functions m(d;, d2), m(d), M(d), T'(d;, do,...d,) 
(defined below) connected witha finite Abelian group. 


I. THE MULTIPLICATIVE FUNCTIONS. 

Let G be an Abelian group of finite order N, We require the 
known* 

Lemma: An element S of order d,d2 in G where (d;,d2)=1 
can be uniquely expressed as the product of two elements of orders 
d, and d> respectively. 

Proor: If Sit=aM, Steady 
and ad,+bd2,=1 
M?, N“ are of orders d,andd>. Then S=M’ Nis the required 
expression, 

If possible, let S=/,N, where M,, N, are of orders d, and do. 
S®=MP=M, 
Therefore M?=MP2— M11 =M,. 
Similarly N°=N,. Hence the representation is unique. 
We denote by G(d;, dz) the totality of the elements in G 


whose orders divide d; and are multiples of d>. Let m (dy, do) 
denote the number of elements in G(d;, d2). 


THEOREM 1: m(d ,d2) is a multiplicative arithmetic func- 
tion of the two arguments dj, d>. 

PRoor: Let the product G(d\, d2).G(d‘,, d’,) represent 
the totality of the elements obtained by multiplying each element 
of G(d,, d2) with each element of G(d’,, d’2). We first show that 

G(d,, d2).G(d",, d’2) =G(d,d’;, d2d’z) (15 
whenever (d,d2, d’;d’,) =1, 

Evidently G(d,, d2).G(d’;, d’2) is contained in G(d,d’,, d2d’2). 
Again if S is an element in G(d\d’;,d2d’,) of order d ee 


* Burnside. Theory of groups (1911), pp. 15-16. 
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can write d=88’ uniquely where 8 is a divisor of d, anda multiple 
of d2 and 9’ is a divisor of d’; and a multiple of d’,. By the 
lemma we can express § as S,;S> where S; is of order § and S> is 
of order 8’. Thus G(d,d",, d.d’>) is contained in the product 
G(d;,d2).G(d’;, d’2)._ Hence (1) is established and therefore, 
m(d1,d2)m(d";, d’,) =m(d,d’;, dod’) * whenever (d,d2, d’\d’2) =1. 

TuHEoREM 2. If G(d) denotes the totality of the elements in 
G whose orders divide d and m(d) is the number of elements in 
G(d), m(d) is a multiplicative arithmetic function. 


ProoF: This follows immediately from Theorem 1 for 
m(d)=m(d,1)+ 
THEOREM 3, If C(d) is the class of elements of order d in G 


and if M(d) denotes the number of elements in C(d), M(d) is a 
multiplicative function. 


ProoF: This can be proved directly by showing 
Clddiy=C (a y6(a")) when (d,'d") =1; 
or thus: 
m(d)==M (8) summed for all divisors 8 of d, 
m(d) is therefore the integral of M(d). Since m(d) is multipli- 
cative so also is M(d), 


It is well known? that every Abelian group is the direct product 
of cyclic groups of prime power orders. Let a@ be the greatest of 
the exponents of the prime powers. m(d), M(d) vanish for values 
of d divisible by an (a+1)th power and therefore m(d), M(d) 
are inverses of rational integral functions of degree a. Also 
m(d)=0=M (a) if d is prime to N. 


I showed elsewhere|| that the classes C(d) combine among 
themselves by multiplication. That is, if C(d;)C(d;) represents 
the totality of the elements obtained by multiplying each element 
of C(d;) with each element of C(d;) then each element of C(d,) 
occurs the same number of times y(d;, d;, d,) in the product C(d;) 
C(d;). Let P(d1, d2,...d,) denote the number of times the identity 
class (=element) occurs in the product C(d,)C(d2)... C(d,) 


* Since m(d,, d2) vanishes whenever dy is not a divisor of d, it is an 
ordinal function. See Dr. R. Vaidyanathaswamy loe. cit. p. 656. 


+ m(d) is the derivative Da,(m(di, d,)| Cf. Dr. R. Vaidyanathaswamy, 
loc. cit., p. 623. P 

t Speiser “Theorie der Gruppen von Endlicher ordnung Di 50. : 

\| “On the linear algebra of classes of elements ina finite Abelian group”, 
under publication in the Proc. Ind. Acad. Sc. 
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and y(d;,d...d,) denote the number of times the class C(d,) 
occurs in the product C(d,).C(d2)...C(d,—1). Since the inverses 
of the elements in a class C(d) form the class C(q@) itself 1t is 


easy to see that 
M (d,).y(d1, d>.. Oe) == 00g: d>,. a Ss 
The function I'(d;, d2,...d,) is clearly symmetric and we have 

THEOREM 4. I(d;, d2,...d,) is a symmetric multiplicative 
function of the ry arguments d, do,...d,. 

ProoF: By definition '(d,d’;, d2d’2,...d,d’,) =the number of 
times the identity element occurs in the product C(d,d’,)C(d2d’2) 
...C(d,a’,). If the products d;d2...d,, d’;d’2...d’, are relatively 
prime I'(d,d’,, d2d’2,...d,d’,) =the number of times the identity 
occurs in 

C(dy)C(d2)...Ctd,) Cla Clare Ciae 
i.e. in 
{ Sy (di, d2,.-.dy, de) C(de). }{ Sr (d's, d’2,. d's, d’x)C(a’s) } 
m7 (04,:0e7.4r | ey 00 7, 0 a ee 
=I'(dy, dg;. tid,) 0 (dy id’s; 2005): 
Hence ['(d,, d2,...d,) is a multiplicative function, 


Cor. y(d, d2,...d,) is multiplicative. 


II. EXPRESSIONS FOR THE MULTIPLICATIVE FUNCTIONS. 

Since m(d), M(d), m(dj, d2), (dy, d2,...d,) are multiplica- 
tive it is enough if we find their values when the arguments are 
powers of a single prime p. Hence the functions depend only on 
the sub-group of G, consisting of all elements in G whose orders 
are powers of p (the sylow component of G belonging to the 
prime p). Let the type of this group be (a;>a2>. Te) 


m(p") = ph tert it toy where & is the number of a’s>B* (1) 


Therefore M (p?) =pRO TO tens t tay (pt=1) (2) 
From (1) and (2) the value of m(p", p**),a;>a> can be obtained 
m(p", p**) =m (p") —m(p"2) +M (2) (3) 


Expression for y(p%, p*’, p**) :—I have shown that 


¥ (dj, d;, dy) =) mig (ti tj) In( 3 de ( 1) 


* Miller, Blichfeldt, and Dickson “Finite groups”, p, 93 
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summed for divisors ¢;, t; of d;, d; such that the l.c.m. of ¢;. f; is a 


multiple of d,. If we take dj=p%, dj=p*), dg=p** we have the 
following cases: . 


(1) When a;>a;; a;>a, 
1(p%, p%, p**) =0. 

(2) When a;>4;; o;=—a, 

y(p%, p%i, p**) =m (pi) —m(p~!)=M (p%), 
(3) When a;=a;; a;>0; 

y(p%, p%, p"#) =m (p*) —m( pt") =M (p%), 
(4) When a;=a;=a, 

y(p%, pi, p%) =m (p%) —2m(p") 

=p [1-2] 
M (p") 


We can now state the value of y(d;, d;,d,) in the general case viz. 
a—1\7 
4 pte )=M d;, d; jn] 1—™CP |, or 0 
Y(di dy de) =M g(a, 3) jn] 1 F 
according as the l.c.m. of every two of dj, dj;,d, is the same or 
not and the product extending over the common block factors* of 





d;,d;,d,. y(p%, p%, p"*) can be directly obtained by a method 
which we use below but the above form suggests an important 
class of multiplicative arithmetic functions. 


Expression for V(p"?, p*2,...p"). 


“as a, a rv = 2 x 
Since '(p"!, p°2,-.-p r) is symmetric we can take 
ay a2 >...Dd,. 


C(p*1)C(p*2)...C(p") = 
{ G(p)—G(p2) }{ G(p%2) —G(P) J 
x{ G(p')-G (p71) 
Case i. a,;s4a2. C(p22), C(p"*).-.C(p"") are complexes (See 
my paper loc. cit.) in G(p*+) and GC prin) Hence 
CPs. CP +) ..C(p) =M (p*2).M(p"s) ...M (pr) .C(p"*). 


* My paper, loc. cit. 
34 
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Case il, a,;=—a2=—. = 0g=00541. 

In this case C(p*:).C(p*2)...C (p) 
=M (p%+1)M (p%+2)...M(p").4 G(p9)—G (p71) } 


=M (pH). MCP] COP) —(F GY CP) + 
+(=1)" "Gat eet)" (p") + ites 
=M(p**t+1)...M (7) | mca "6 (P") 


— (Ff) m(pty?. m(po).6 (p2) +e 


k-1 


(1) ame 6 (p+ (DE mer) G Co) |, 


{ 1 Gy __ a—1 "tf S) ab (pom 
= M (p*+1) ea ifetie ad Co BAAR 


XG (p") + (-1ytmep ty G4 | 








M(p*)*+ (=1)* mp)" 6 (yay 
m(p") 


+(=1)im(prtyFGCpet | 


=M (ptt), Mp) 


Hence (Ata pray pt) == it arene 





ayF ee) a—1,* 
=M (p43). an (pir) | MOY arr .m(p ) 
25% 
+(—1)".m(p2-)* | 
if a=—a,= oo Apap 1. 


My thanks are due to Dr, R. Vaidyanathaswamy for his kind help 
with the manuscript. 


ON SOME THEOREMS CONCERNING 
DETERMINANTAL SYMMETRIC FUNCTIONS 
By M, ZIA-UD-DIN, M.A.Px.D. (Wales), Bahawalpur 
| Received 26 April 1937] 


1. Ina previous paper* a fundamental theorem was given by 
the author by means of which the general isobaric determinants 
are expressed as a sum of hi-alternant symmetric functions. 
In this paper I shall deal with the generalisation of the theorem 
and certain deductions that follow from it. The theorem is: 


p 


‘ : ; (a7 kB 
monomial symmetric functions = a'b’c"..., as 


0 , 
If the bi-alternant no 3 ) be expanded in terms of 


0 ae . 
& 0 : 5 eect Pi. P (dik...) + +..5 then 
Oe Bee ere a—i B—j y—F... 
"Xo p ne betta La 0 tau a2 ce) 
ijk... 
where & indicates permutation of i, j,k,.... and summation, 


A acne Py Of -atein ascending order of magnitude and the 
expansion being indicated by a single typical term, 
2. Before proceeding to the generalisation of the above 
theorem, a theorem due to D. E. Littlewood will be deduced here. 
Following Littlewood and Richardson,{ we have 
r " Ay tn—1 Agtn—Z..An-1+1 a 
(Ase a | ae trait =b Wiese potn—2...en-itl py 
where (A) denotes the partition (Aj, A2,- ..A,) and («) the parti- 


velin)) ArDeAaDe ee PA, PI PMAA +++ Phen; $ denotes 
x from which the element 





tion (p44, P2° ; 
the row and ft the column of the matr1 
is taken, the determinant having » rows and columns ; and 


A(a B ¥-+.) 
{ats [note] =465-4% 


h LACH ae ee 
By taking #,=0, we can write 





Soc. (2) 4 (1934) 47-52. 


* Zia-ud-Din, Proc. Edin, Math. Soe. (a7 nS (2) 40 (1936) 60, 


¢ See D.E. Littlewood, Proc. Londor 
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\ ] Xn Anil An-2+2...A1+-n—1 
1 Mu sai 0 Pn—-1t1 Bn—-2+2..-prtn—l 


=...+Pijt...), ae Valea were) 


1f Rise 


Ane An—1-+1—f- aie 
Put | h 0 1 )= {yh and 
S prj. PPR. J={e}, 

(3% denoting summation for different values of 7’, 7’, k’,..., includ- 

ino h 7, R,...). 
Since* 
A (af171- ..)P(azB272. )=A(arterz, Bitf?, vity2,- ss) 
therefore the coefficient of 
A(AnAn—itl...Ai+u—1) in 

A(An—i An—1+1—j An—2+2—R...)% pyjr...P(077’k’...), that is in 
1 v | A(012. oa) | Mm lis clearly p;;z,... Hence pjjx... is the coefficient 
of { r \ in the product \y I be i 

Similarly by assigning different values to 7, j,k,... in} v be the 


coefficient of | r | in 1 v a pi will evidently be pjjz,,, according 
to those values. 
Hence we obtain Littlewood’s} Theorem 
i A/p b= emmmst| =), Four a 
where g,,) is the coefficient of 1 r f in the product i v | i je { : 
3. The theorem of expressibility of general isobarics as a 
sum of simple-isobarics or S-functions can be generalised as 
THEOREM. To a rational integral identity of t variables. 
A(Apv...) =A(lmn...)P( par...) 
ACM nin. VP Cle 0) I 
where (l+-em+n+...)+(p+qtrt+. oo) =Atptvt+..., 





* Zia-ud-Din l.c. p. 49. 

N.B. A(apy...) denotes the Alternant |a%b’c7, ..{ and the associated 
permanent which forms the monomial symmetric functions ya*b’c?,, 
denoted by P(agy...) and it will be termed as Monomial Permanent 

T D, E. Littlewood, /.c. p. 61, Theorem VITI. 
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A, oH, ¥-..51, m, n,... etc being in ascending order of magnitude, 
there corresponds the identity in isobaric determinants of t-th 


order, 
B x — -- —?r... 
: m doe ee ae) 


+>h vag pe 0p) ore 1 


n 
where X denotes permutation of p,q, 7,... etc. and summation. 


Proor, In the alternants and monomial symmetric functions, 
use, instead of a, b, c,... the operational letters A, B2C, 2 which 
are such that A*hy=ha-_p, B*hg=hg-x., C*hy=hy—x, and so on. 
Thus identity I can be operationally written as, 

FI (Apv...)=H(lmn...)% A’ BIC’... 
med OS 7161 ae hoy Pie LO Sal Dit eS 
Performing the operations on h,hgh,.., we obtain the identity IT, 
a pay 22 a—p B—q y—r... 
Oe) ik ) 
Ae Vir Dd l m Hea, 2 
PAT.0- 
a—p’ B—q’ y—-r’... 
+) h( y é eo) 


m nH 
pla'r'... 


which proves the Theorem. 


4. The identity II does not depend merely on the fact 
that h’s are symmetric functions, but we could quite well use 
determinantal elements. Thus the identity in pure determinants 
corresponding to 


A (026) =A (015) P(011) —A (014) P(111), (1) 
can be written as, 

ao bo Co ao by Ci | a bo Cy 
a2 bo C2 = ay bo Cp Oe a2 by C2 
a6 be C6 as be C6 | a6 bs C6 
ay by Co ay by Cy 

+ | a bo C1 ere ee b2 €2 

a6 be Cs as bs C5 


which can be verified on expansion. 
Let the operation of increasing by & the suffixes in the s-th 
k 
row of the determinant |aobic2...| of n-th order be denoted by Ey 
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and that of increasing by o the suffixes in column ¢ by F;. These 
operators will be called Displacement Operators as they cor- 
respond to moving rows and columns about. 


Now taking the operand of 3rd order 


ao bo Co 
ay by Cy 
a2 bo C2 


the operational identity corresponding to (1) is 
FYE} E3= Ey E2E3 (FiF2F3+ FiP2F3+F i F3F3) 
— EL EDE3(FiF2F3), 
= E}E2E3(% FiF2F3) —E}E3E3(FiF2F}). (2) 
Generally corresponding to identity I of Art 3, between the 


products of alternants and monomial Permanents there is an 
identity in pure determinants, 


FARSM Eee Bl ers Ets. »(«. FYFIFS. 2) owes 


PUK a« 


TI] 
when the operand is of the type. 
| ao b; Csr e 
As an example we can apply III to the Wronskians, say, 
fi fe Tee at 
i fs Taeice 
ji ipo) oie ae | 


VERS RS OR Ow Oe ree ere ee 


Aeae 


dashes denoting differentiations. 
Thus (2) may be written as 


hi fe Is fi fa Mf’; 
FEE oa eeres Sane 





OT PRS ar pe ae 
quiatnnennay fi » flee 
+ [f1 fo fs -f'1 f’2 Ts 
m f’2 ees ee ot i 2 7% f%4 
fr’ fe f3' fi' fs fy 

eae Bp f’2 f’3 

i% f"’2 ie 

fi fr f3 


which again may be verified, 


EXTENSIONS OF SOME SELF-RECIPROCAL 
FUNCTIONS 


By R. S. VARMA 


1. Ina recent paper* I have shown that the functions 


pee 1) os (x) R(v)>—-1 

and 
7—i is* 

Win e*. 12 95( 2) R(v)>-4 

are self-reciprocal in the Hankel-transform of order v, that is, 
2 G0 2 

a” thea" D-x-2(#) =| V (#9) Jy(ey)y’*3e# D_2y-3(y)dy. (1) 
and 


gy! te D-w(#) =|, V (xy) Jo(xy)y" Fe D_av(y)dy. (2) 


The object of the present paper is to amplify and generalise 
these results. Thus in § 2 of this paper I have investigated the 
integral 


oO 2 
| y" tJ, (xy) 08 D_m(y)dy. (3) 





— SEIN hae | 28-10 (gm—n—1) 
2**'T(m)T(n+1) 
X1Fy(m+$; 2+n—4m; t4° 


) 
pay ib l — iP, 1 a ~ 2 

jew ts* ( pee Fiamt inn ams de )| 

R(m)>0, R(n+1)>0 and R(n—m+4) <0 

which gives the generalisation of the integral equation (1). The 


extension of the integral equation (2) is furnished by the follow- 
ing integral, deduced by me elsewherej by a different method, 





* R. S. Varma, “Some functions which are self-reciprocal in the Hankel- 
transform”, Proc. Lond. Math, Soc. (2) 42 (1936), 9-17. 


R. S. Varma, “An infinite integral involving Bessel functions and 
preston cylinder functions”, Proc. Camb. Phil. Soc. 33 (1937), 210-11. 
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oo 2 
\ y" Fe J,_4(4y)D_m(y) dy 
-\n—-4tn le 
ay acy | ak ama) Fam 1+n—3m; 42°) 
4 gn ank (n— am JT Gm) 


rin) ane 


(4) 








4 
1Fi(gm; 1—n+3m; 1) | 


R(m)>0, R(n)>0 and R(n—m—1) <0 
since, by the help of the known result* 


3 2 
Di (x) =e eens, 


=e F,(—1n;1; 
r(4—3in) 1 i( 2 | hee 


530 

r(—#) 1Iy—t apne ~ 2 

+45 2a" axe * 1 Fy (4—4n; $3 3 

eater xe if; (4—4n; 8; 42°) 

it reduces, for m=2v and n=v+4, to (2). The integral (3) is 

important from another point of view as well. It gives with the 
help of the integral (4) the following 

THEOREM: If 


9 
ry 


f («) =x" ~2e?* D_2,_2(*) 
and 


g(x) a* 768 D-ay-1(#) 
. 2v+1 
then f(#) and g(x) are J,-transforms of each other, provided 
R(v)>-—H. 





This Theorem is established in § 3. Finally in §§ 5-6, the 
values of the integrals 


Day t ty (ieee ire 
et Mp2 Whe 5 ee ) d 
| : ante aps )Pm(a)dy 


Poets) ee 


are given, by the help of (3) and (4) respectively, in terms of 
hypergeometric series, 





2. Using Whittaker’s integral} for PAE BE gh 


D,(*4) == mapyee ~te— Bt ni 
D(—n) ; 
we have 


R(n) <0 


* Whittaker and Watson, Modern Analysis (4th Edition), p. 347 
ree as bilcohie | = Tat ok oe a onGas associated with the parabolic 
417-427 ysis , Froc. Lond, Math, Soc. (1), 35 (1903), 
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“<4 n+1 Ly? 
| y* Jy(%y) 4 D_»(y)dy 
0 


NAPS w yttly (x )d Opty d te? may 
~T(m) J, n\vy J t _R(m)>0 


se. 1 Oat? ym 1g a —ty ntl 
P(m) J, Seek ow In(“y)dy 


: «"P(2n+2) oo j™——4t° 
2°T (m)T (n+ ab (24 4) ehh 








R(n+1)>0 
since 
oO 
| ey" t17 (xy) dy 
0 
a"  T(2n+42) 
per? P+) 7 
ta"D (2n+2) 
~ 2°r(n+1) (+47) 


Using the ae result 





2 
2Fi( n+l, n+8;n+l1l a) 





Ox ra ae al j 
| Gaye 22"—"D(3m—n)iFi(n3 1-+n—4m; 40°) 
0 i a 
0 (n—im)P (4 7 
ie A la a ES aa (2) F(A; 1—n4+4m; 40”) 


R(m)>0 





we at once arrive at the integral (3). 

If we put n=v and m=2v+3 and make use of the relation 
(5), we obtain the integral equation (2) as a particular case of the 
integral (3). 


To justify the change in the order of integration, suppose that 


g(t)=t" 1c * ili ey" t IT, (xy) dy 
0 


_T(2n42)a1"e 
~ 2° (n+1) (t?-+4") 





n+8 


a = —i m—1 
and $(y)=y 7,49) | ra eed 


For real values of x, 9(t) is uniformly convergent for the 
unlimited range t>0 provided that R(m—1)>0 and R(n+1)>0. 
Since for all values of ”, 

=o 
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wo 


(=1) 207? 
Af 4) = om 9 ‘PX 
ce > 2"t4rr IT (n+r+1) 





r=0 
$(y) converges uniformly in y>0, provided that R(+4) >0 and 
R(m)>0. Again consider the integral 


oO 12.6) 2 
re ly" Jn (¥Y) 9\ ee eae 
T 0 

where 7 is large. 


Now for large values of y, 
Jn(y) =O (y7#) 
and 
go Ci) ee 
where R(d)>0. 


If we choose d=n+1, where R(nu+1)>0, 7 is less than a 
constant multiple of 


oo 7 on 
4 yFas| en Rt ym —3qf 
% 0 


which tends to zero when R(m—n—2)>0. 


. Hence the inversion is justified if R(m—1)>0, R(n+4)>0 
and R(m—u—2)>0. But by the theory of analytic continuation, 


the integral (3) is true for the more extensive ranges of m and 
stated in § 1, | 


3. For n=v and m=2v+1, (3) gives 


+2 ,2y? 
pidiade et AU! 


Ca) maT ; y" 
(? va ney)” a 








eet 
= 4 3ea* Des 5( 2) (6) 
R(v)>—8. 
ind by putting n=v-+ 3 and m=2v+2 in (4), we obtain 
io.8) ——— ; 2 
V xy J,(4y)y"~ Fe D_wy_2(y) dy 
0 
pits 
ie te Doge) 
Sh ae R(v)>—}. 
| (7) 
The integrals (6) and (7) at once lead us to the linportant 
‘Theorem enunciated in § 1, 


4. We shall now give a few more interesting special cases of 
our general results (3) and (4). 
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Thus for n=—} and n=}, the integral (3) reduces, by virtue 
of the known relations, 


J-i(z)= ( zs ‘cos z,and Ji(z)= ( 2 sin z 
to 


ie @) 
. dy* _ 1 cheek Tegel m—1 1a” 
\ cos rye Don (v)dy= zat] PC tm) (4+im)x"e 


1m — 


. el oO 
+23 r(gm—3) Fi (1s 8s 32°) | 


valid when R(m) >0, odd integral values of R(m) being excluded, 
and 


ie.) 
: Pei xv 1y—38 
| y sin xy'e* D-n(y)dy= pes] 2 20 (im—8$) 


XiF1(2; 4-4; 34”) 


+a™—3p(8—1m)P (444m) Fi (s+4m; kmh; 12°) | 
true when R(m)>1, odd integral values of X(m) being excluded. 
The integral (4) for n=1 gives 
a pe ee Medes. 2 T(2 T L—im) a2 
R y e* sin #yD—m(¥)49=FR Om) (3m)T(1—3 


422" P(4m—1)1F (1 ; 2—im; 2) | 


valid when:R(m)>0, even integral values of K(m) being 
excluded. 


5. Writing 2v for m in (3), we get 





oO dae 
| yr? t Toy (4) es D_im(y) dy (8) 
0 

xt (4v +2) [ ae tp(gm— 201) 

~ 2¢+ Ip (m)T(2v+1) 


Fi (2v+8; 2+2v—im; 44°) 
2v—im )I lm+%4) oe A 
gee ae ——=“,F i (gm+3; 2v-+ 5M ; 54 | 


ne Fo ata Ze d integrate with 
Itipnly both sides of (8) by e and integrate 
Mu Berti the limits O and oo. The left hand side of 


2.2 
x 


respect t 
(8) then becomes 


eo ee 00 oy+1 , ty? ( \d 
| e ? * dx ; a Jay (#y) e —m{¥)4y 
0 
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which, on changing the order of integration—a process obviously 
permissible—and then using the known interes 


|" sap(at) exp (=P )dt=¥z exp ( -5)! (ea) 


reduces to 


Va ee wes coe a) y 
vel ee 1 gn 


Now it is easy to prove that 





) D—m(9) dy. 


1o.@) 
L—pox? 7 tn APE 2 
xe iF, (a3; b; 44°) dz 

0 


_F(3l+4) - ae eee 
2p} 2Fi (a, +4; Bs 5 ) 


Fhe 
By the help of this the right side of (8) yields 


Gato) ee Le ee 
27+ 1p (m)r(2v+1) 2p 


XaFi (244, v+3; 2+20—4mj = ) 


Raabe eet eG )I(3m—v—3) 
V4 Sadearidaaeh snl (hse ee 


1 
x2Fi( 5mM+4, 3m—v—4 —2v+4miz) | 


It follows therefore that, when R(m)>0, R(2v+1)>0 and 
R(2v—m+1)<0 


\"y 2v+1 ,ty CTE. a eep (2 )D_m(y)ay 


Dt Eee ee gyn—2v-10 (3m —2v—1)T (v+3) 
Vv 12""t 1D (m)E(2v+1) op 


Pi (2r48, v+$524+20—Im5 J, ) 








2 


PU +er—3m)0 (3 ym-+3)0(4m—v—}) 
pe OT ata) ee 


Fi ( m+, im—v—3;—2v+4m;—, ) 
2 2p° 


2p*>1, 





* Watson, Bessel Functions, p. 394, 
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6. Writing the integral (4) in the form 


60 2 
[ye "Fop(2y) Dm (9) dy 
2p 
__ (2%) “T(2v+3)] 2a SEL ton-2v—4 ) 
2V rT (m) 
X1F1(2v+4; 8+2v—43m; 147) 


m—4y—10 (2v-+-5—3m)T (3 m) 1 = | 
er aan St ara) 


and proceeding with it in the manner of § 5, we obtain 


\" yer *(1- acid (% )D-m(y)ay 








Biot, 








eee IT (20-4 D2 pyn—2v—a 0 (4m —2v—3) (v3) 
aD (m) he 


1 
X2Fi (Qed, v45 $+20—3m; 5 ) 


pa eura 8 UCaet) bey) 
pet D(2y-4-4) 


1 
X2Fy ( zm, im—v;4+4m—2y; 2p? ) | 
valid when R(m)>0, R(2v+43)>0 and R(2v—m) <0. 


“ON SOME k,-FUNCTION FORMULAE” 


By N.G. SHABDE, College of Science, Nagpur 
[Received 23 June 1937] 


1. InTRopUcTION:—The object of this paper is to collect 
a number of results involving k,-functions. These formulae do 
not seem to have been noted explicitly as yet. Some of them are 
obtained by the methods of operational calculus and others are 
derived from formulae involving W,,,, or M;,,, functions and 
Laguerre or Sonine polynomials given by Erdelyi,* Howeil,+ 
Baileyt and Bateman,§ The k,-functions are related to other 
functions by the relations 





W,,1(t) =V (v+1) ka (t/2) (1) 
My, x(t) =(—1)"~ hop (1/2) | (2) 
bon) = (—1)""1 (22). <—.L (22) (3) 
n— *k n( ) 
1 WS aves (4) 


The Theorems in the operational calculus, which are made use of 
in this paper, are given by Nissen K. F,|| Only the results are 
given in this paper and lengthy algebra has been suppressed. 


* (i) “Funktionalrelationen mit konfluenthypergeometrisch F . 
tionen”, Math. Zeit., 42, 125-43. of Sia err ie cog 
aoe aed eine irate zur Serpaes von Funktionalbezeihungen 
zwischen konfluenten hypergeometrischen Funktionen”, Monatsh Fu 
Mathematik und Physik, 45, 31-52. peas ICL 
(iii) Uber die erzeugende Funktion der Jacobischen Pol 
Zeit.. 40, 693-702, ! ct ook tec 


7 “A note on Laguerre Polyngmials”, Phil, Mag., (7) 23 (1937) Supp 
number. ‘ ; 


$ “On the product of two Legendre Polynomial ri i 
arguments”, Proc, Lond, Math. Sore(2y Al. 21Sooh Gn ee 


§ The Partial Differential Equations in Mathematical Physi a 
459. Bateman has collected in this book results involving Soule paleoniaes 
due to Wilson, Koshliakov and other authors. F 


ea contribution to the Symbolic Calculus”, Phil, Mag.. (7) 20 (1935). 
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2. THE FoRMULAE:— 


CM a Fon link au (©) ba (2) 


fe @) 
eAy8 S D(m+s+1)0(m+s+1)0(m4n+1) 
s! (s+2)0(m+n+2+42s) 








(2x)o 33 





Aone mher) 
(2) kam(*) Ran(*) 








— (__14\m+tn-2 rat 2s¢1l (n+st+1)0(m+s+1) 
Sth) 2x ) (=1) eo} 


ed bhai Pure eS 


(3) >), nt" "eon (2) bon (9) 


= 1 
=2V ry — — exp} (r+y)- malin wee Ith<| 








4 [ee ent (2V 2xt) han (t)dt _ a bie: (=1)* te" Fe" 
(4) 0 V 2t 2(n!) 


Ae) n eed " 
(5) | e'(2t)2 ee ee —"Ron(#) 
0 











(6) A ee 87 ‘2 ko, bias: an =F v°"I, (pu) du 
p 0 re 
2(—1 4 ie a er —] oe m m 
(7) kan(#-+y) = 7 FOYE" ayy mitts (28) 
m=0 
(8) n eee Ep iS (> ; *) dg= (—1)"—'x |e tte lglawix at 
0 0 
n—I1 
Sy Se ae | 
(9) kay(~)=(n—1)! e f yy mt (nlm) 120 2m (4/2) 
m=0 


1 
(10) ek, (ay) (I—y)?'dy 
0 





(n—1) 11 (0) (—1)""" +0 
= T(ptnt+l). Ln-i (24) ; p>0 
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(11) \ ohana 2( SS" ) kang 2(t/2)dt 


pee ade 
=T(n+v+1)(—1)"* a nee 


\" ieee a— —o-whonta(G ue 5 )karse( 3 )as * )as 
e eee: 
0 




















(12) 
_cyneeBlachet2)ab (en 0)"eobY 
T(n+2)0(v+2)a"t?t? 
a ate ee on a 

xF( n,—v;—l1 RIE a>0,b>0 
(13) | Umn(V5c0s y)sin’ydy 3 2m) 1" kin ia (5/2) 
where Un(#)=(—1)"e" cet ry 

2(p—1)"— 1 
(14) egGueat a ar (= \? POMP RaOVE: 


When a, this gives 
(1) “hoa (2) = zi) (2 \ "TV 28) han (Yds 








2p) 1= Vip 
(1s) Se eta) [ bay (g) PVE de 
play Dstefe } Vee 


2 2 i: 
(p+l+p?)"*} 


(17) | e—2) "hoa €)a 





=|’ Jo 2V s(4#—5) kon (s)ds 


oy n-1(2(4\54! a 
=II(m)(—1) af (=) Im42(2V #5) ko, (s)ds; m>O 


Pigs 2 s? d[ e‘/? R n 2 
(18) en?! ee elt 2512) |= bog (5/2) 4 Bona 4/2) 


n ‘ds 


PT 8/2 
(19) a(t has (2Y). Tix8(s) 


ds? sn! 





(20) 


(21) 
(22) 


(23) 


(24) 


(25) 


a 


ds? 


s°T3(s) ge ee s/2) nt 


el ho, (s/2) 
s(n—1)! 
R2n (s/2yel? 


(n—2)! 
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n! 
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ae 


1 fe 


7 Lit (s/2) 
=(u+1)T3"'(s)+T2~“(s) 


=(s—a)73, *(s)—T? “(s) 


=(s—2)7T3*(s}—sT3"{(s) 
k2n+4(S/2) 





Ca | 


pee “Ran42(S) _ d 
n!s§ ds 
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Se Raany( fe): 
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x| orn} 
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TRAJECTORIES AND LINES OF FORCE IN A 
RIEMANNIAN SPACK* 


By V. SEETHARAMAN, B.Sc. (Hons.), 
Research Student, Annamalai University 


[Received 5. July 1937] 


Kasner+ has proved the following Theorems relating to the 
curvatures of the Trajectories and Lines of force in a plane :— 


TueoremM I, The curvature of the Trajectory obtained by 
starting a particle from rest in any field of force is one-third the 
curvature of the line of force through the given point. 


TueoreM IJ. If the line of force has contact of mth order 
with the tangent line, the trajectory produced by starting a particle 
from rest will also have contact of the mth order and the limiting 
ratio of the departure of the trajectory to the departure of the line 
of force from the common tangent will be 1: 2n-+-1. 


THeoreM III, Ifa particle is projected in the direction of 
the force with a speed different from zero, the initial curvature 
will be zero and the infinitesimal departure from the common 
tangent will vary inversely as the square of the speed. That is 
dy/ds varies as 1/v*. 


TueoreM IV. The single infinity of paths obtained by 
starting at a given point in the force direction with varying speeds 
under the conditions of Theorem II will have contact of order 
(+1) with the common tangent, and will give departures from 
the common tangent varying inversely as the square of the speed; 
except for the single path due to zero speed for which case the 
contact will be of the mth order and-the departure ratio will be of 
the form 1: 2i+-1, 


Tueorem V. If Ro, the resistance due to zero speed at a 
point does not vanish, as in the case of sliding friction, the ratio 


oe ee Paes be oe ae thanks to Professor A. Narasinga Rao who 
cham pee problem and under whose guidance this investigation was 
F “ oe Kasner. ‘ General Theorems on Trajectories and Lines of 
raat roceedings of the National Acadamy of Sciences U.S.A., 20 (1934), 
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of the initial curvatures of the trajectory and the line of force for 
a particle starting from rest is 1: 3+2R)/F, where F is the acting 
force at the position where the particle starts from rest. 


The object of this paper is to extend the above results to a 
Riemannian space of 2-dimensions. 


1. Let (41, 4°)--.4") be the co-ordinates of a point in a 
Riemannian n-space. Then (x', «’,...4") where dots denote 
differentiation with respect to the time ¢ are the generalised 
velocities and $4'/d3t (i=1, 2,...2), where 8/St is the covariant 
time flux operator, are the accelerations. Then if f' denote the 
component of the accelerations, we have 


. A ee . ws. io. 
i —_ = x -- Tia! x! 
=sih tn s7A,* (1°1) 


where Aj), Ai are the components of the unit tangent and the first 
normal to the trajectory and x; 1s its first curvature, 


2. We now prove the following: 


Lemma. If C and C be two curves having contact of order p 


at a point O, then 
da” dq” ; 
Se) pe 9 eer ae 
Gal Gr 0 ( p) 


where s and o are the arc lengths measured along C and C respec- 
tively and the suffix 0, denotes the value at the point O. 


Let P and Q be two points at equal infinitesimal arc lengths 


s from O measured along the curves. Then C andC are said to 
: ; the : é : ediaes 
have contact of order p if PQ is an infinitesimal of order s’*".} 


Then, if # is any function of position, we have 


dp _d do dd dn 


=: : , where 7=FQ. 
ds dads dyn ds hen sie 


~ . dy : = 
] ; : O, —+»zere and since s=o we have 
When C€ and C touch at ais 


d 
i Sale always. Hence 
ds 


*J, L. Synge ‘On the Geometry of Dynamics’, Phil. Trans. Royal Society 
of London, A 226 (1926). | oe 

+A. J. McConnell, ‘The contact of curves in a Riemannian space’, Proc. 
Lond. Math. Soc. (1927), 5 1 
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ee: d 
eet ay 
Cr ) 0 (=), ( 1) 
d d d 
Putting 2 in the form f= At OB, where “eee Ps and a 


we have, as a result of successive differentiations, 


n—1 nw— th 
a” n—1 d’*'s (n—r—1) w—1 ae (1—r—1) 
oie yy ( r Fit 25 r i B , 
ds” ds’ ds’?! 

¥=0 r=0 

(2:2) 

where 4”, B® stand for the rth derivative of the expressions 
with respect to s. 


Since o=s=the length measured along both the curves 
we have 








d'o 

6) an es SE a 

qr n) (2:3) 
Also, when C and C have contact of order /, 7 is an infinite- 
simal of order s*)) and hence d’y/ds" is an infinitesimal of order 
s?t1~" and vanishes if r<p+1 
i.e. we have a’n/ds’->0 (r=1, 2,...~) (2:4) 
Then 


(2) =a, st, 2.00) (25) 


the other terms vanishing as a result of (2°3) and (2:4), 
Also 
J n—1 n—1 
Lia) Nestea d d'a d'n 
LR IEIO Sie A 2 Feet 








fund r=1 


so that 





(#—1)_- a” he, 
Ay =( ), (n=1, 2, sb) (2°6) 


From (2°5) and (2°6) we have the Lemma. 
3. McConnell* has shown that the necessary and sufficient 
conditions for two curves to have contact of order p, are 
do” (nO; 1) p—1) 
Nyt 


where xfe=2%, 
lere Ag ia. should be the same for both the curves. (31) 


Lat; Cite t..5 10; 
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Now 
n—1 
i(n) __ WL NCO Ger 
Ao —_— yy ( r Vf Ar” oD (3°2) 
¥=0 
So, if «1, x’;...«\"~~ are all zero for both the curves, | 


we have ARM) =-9 (n=0; 1, Z,:.,.:.m—1l) tor both the 


| 
curves by (32) and hence by (3°1) they have contact of (o) 
order m, J 

We shall make use of this result (3°3) in all the stages of our 
investigation. It must be noted that these are merely sufficient 
conditions. 

4. Let C be the trajectory and C the line of force through 
the point O. Let f’ denote the contravariant components of the 
acceleration vector and Q’ those of the force vector. Also let 
A, A (w=0, 1,....—1) denote the unit tangent and the (”—1) 
normals to C and C respectively. Then 


fl =sr\h+ Ks A=O"=HAS (4.1) 
where f is the magnitude of the force vector, If the tangential 
and normal components be denoted by 7 and N respectively, we 
have 

f° =TA+NM=SAd. 
Case I. SUPPOSE A PARTICLE STARTS FROM REST 
AT THE POINT O. 


Then No=(x15") 9=0 
Hence (A5)o=(A5)o } (4:2) 
and To=fo 


It follows that the trajectory and the line of force touch at O. 
Hence we have, 


Ge ) = ( T) by the Lemma 


= (2°) since f'=O" always. (43) 
bo 0 
Now 


ie tN Me (xy TN’ )At+K2NA2 
bs (44) 


we -— + 


LETTE FG 
bo 
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Nj=0 and N= (x,v7)’=K'v? +2«iT, and so N’9=2k;fo. 
Hence we have 
Sf” , ¥ ¥. ) 
@e =Tdot3Kiforr  } 
ou: (4°5) 
4 Fane ee re | 
oe) =f"oAo+foKiAt | 
bo 0 


dbs 
by the former of the equations (45) they lie in the osculating 


Now (fr) and (=). are identical vectors by (4°3) and 


plane of the trajectory. Also since (A9)o=(Ao)o by (4°2) and 
Al, are vectors perpendicular to them and lying in the same 
plane, we have 
(At )o=(Ai)o (46) 
Hence equating the co-efficients we have 
3eifo=Kifo i.e. ky=K1/3 if fo=Ezero. 

So we get 

TueoreM 1. The first curvature of a trajectory obtained when 
a particle starts from rest in any non-vanishing field of force ts 
one-third the first curvature of the line of force through that point. 

5. When xy=0, we have x,=0. Then by (33), the trajectory 
and the line of force have contact of order 2. So fj? =O} 


{7 = TAO +S’ fort ) 


pam ey re id? (5-1) 
Oo =f" or+K ifort 
Equating the co-efficients of At and A} we have 

x’) =x’, /5 when fo=kzero. (5°2) 


Generalising from this, we have the following 


TueoreM 2, If a particle starts from rest at a point O and 
if x, and its first (p—2) derivatives be all zero at O, then Piet oe 
x’ are also zero, so that the trajectory and line of force have 
contact of order p. Then x\?—) =x\—/(2p+1) 

We shall prove this by the method of induction. 

Assuming the theorem to be true for values upto (P—1) we 
shall prove it holds good for p. We have mae i KP) are all 
zero and xy, x’;...«’ are also zero. Hence they have contact 
of order (p—1) and et eeny Capen, Now if x’-2~9 
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we have x{?—) 


is also zero so that xj, x1... iis ?) and Ki, K’y. 
ee a ) 


are all zero. Then by (3:3), the trajectory and the line of 
force have contact of order pb. Hence fo re. 
Also 
Ny Agee eB Bone (2p+1)x! der EA (p) v'| 
EARL Ce” + prow? Yv?] +l [D5inl” ] (5°3) 
(m=051,...p—2); (S38, 45. .P+1), Di,=0, m>1 
and D},*'=—0, m>0 


Also 
OMAN FO 4 Aye NE [By + fe PY] 
+A[ Cnet” ] (5:4) 
(m=0, 1...p—2), (s=2, 3,...p), C™ '=0; m>1 
and C7,=0, m>0 
Since Kv =0=Kl” (m=0, 1,..,p—2) 
we have 


fo =A TO] AGL (241) ah PT] 
Oo =NG[f0] + Ai [fot] 
Equating the co-efficients of Aj and Aj we get 


cP Vi, P—-7(2p+1), fo==zero, 
Hence the Theorem. 


(5°5) 


6. We have till now been discussing the motion of a particle 
that starts from rest at the point O. Now let us consider 


CasE II. THE MOTION OF A PARTICLE THAT IS PROJECTED 
IN THE FORCE-DIRECTION WITH A NON-ZERO VELOCITY v. 


Since the infinitesimal displacement is in the direction of the 
force No= (xv )p=0 and hence (xk;)9=0 (61) 
Also the line of force and the trajectory touch at O and hence 


frov= SAGs 
Awe =T"prp+K'v°Aj 
QoP=f’oAo+Kifort 
Equating the coefficients of 4; and di we have 
i=fors/v=A/v (6°3) 
where 4 is a constant, since fo and Ki have fixed non-zero values 
at O. Hence we have 


(6:2) 
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TueoreM 3. Whena particle is projected in the direction of 
the line of force with a non-zero velocity v, its first curvature 
vanishes and the first derivative of the first curvature varies 
inversely as the square of the velocity. 


7. If«=0 we have x’;=0. Then since x;=0 and x;=0 the 
trajectory and the line of force have contact of order 2, (by 3°3) 


and hence 
-(2 (2 
fo ee 
Ae nig pls V4 NA 
To ST Aoi Ys 
0 =f’orAo+K ifort 
We get Kon /v = A/V (7:2 


if Kk’; zero, 


(71) 


Hence if «’;=-zero while k=zero, we get x;=0, x’;=0. The 
trajectory and the line of force have contact of order 2 and x”; 
varies inversely as the square of the velocity. Generalising this 
we have 

THEOREM 4. Jf KP? —) Fs the first derivative of x, that does not 
vanish, then x1, x1. axe 3H 


of force have contact of order p and KP) = A /v? where A=fo P21), 


all vanish, The trajectory and the line 


Let us as before prove this by induction. Suppose 
the Theorem to be true for values up to (p—1). Then 


a “(pb —3) . = 
Gita dak: are all zero and «,, x’;...«?~” all vanish. The 


trajectory and the line of force have contact of order (p—1) and 
KP = A/v* where A=fox(’~”, 

Now se hal K’-2=0, Then «f—2=0, Since eig Kia x P—2) 
( 
and ky, k’...kj’~ all vanish, the trajectory and the line of force 
have contact of order p (by 3:3). So f({”?=0O%” From (5:3) 
and (5°4) we have, making use of the above conditions 

ie @) 77 @)\? Py? pe 
Oo =f 0 + [fonl? aad BY 

Equating the coefficients of Aj and Aj we get 


(p)__ ~(p—1) 2 9 
Kt =foxy -/v=A/v j 
Hence the Theorem, / (74) 


(73) 


| 8. Motion ina Resisting Medium, The equations of moti 
in a resisting medium are a 
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f’=sr\p+«18°=O"+ Rr (S 1) 
i.e. (s—R)Ap+K1S°M = fat, 
Denoting the left hand member as f” we have 
; f'=9" (82) 
Denoting s—R=T and Ks =N 
PSTMTNAL ) 
=fXro ) 


CasE I. THE PARTICLE STARTS FROM REST AT THE POINT O. 


(8°3) 


No=x1s =0 and hence Ty=fy and Aj=Ah. The trajectory and 
the line of force touch each other at O. Hence fFoP=05™. 
{= (T’—N)A0+ (Ki T+N’)Ap + 2NA2 
Nak ss? 24 Ky (UV =x" 10 242k; Ss=K! 1U ee (dit) 
Hence 
Po TA (OL EAR A 


(8°4) 
QoP=f’ro+-foriAt 
Equating the coefficients of Aj and Aj we get 
x1 (3T0+2Ro) =kifo 
i.e. KiKi =1: Baca (8'5) 


fo 
Hence we have the analogue of Theorem I for a resisting 
medium. 
THEoREM 5. If a particle starts from rest in any non-vanish- 
ing field of force, the first curvature of the trajectory and that of 
the line of force are in the ratio 1: 3+2Ro/fo. 


9. If x;=0 then x; is also equal to zero. The trajectory and 
the line of force have contact of order 2 by (3°3) and hence 


FO = erie 
fp = De oAg EK’ i(5fot4Ro)At (9'1) 
Qo =f" odo +K'1 fori 
Equating the coefficients of A; and Ai we get 
Ks (5fo+4Ro) =’ ifo 


Ky: Eiacal2 54S (9°2) 


and hence at O 


37 
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Now we shall prove the following Theorem by induction. 

TueoreM 6. Jf a particle starts from rest at a point O and if 
Tiere we) are all zero, then x1, k’;. ..«’—*) are also zero, so that 
the trajectory and the line of force have contact of order p. Then 


Kpmeoke Specie (2p-+1) +74". 


Following the usual mode of proof, by assuming that this is 
true for values up to (p—1) we are led to the condition that the 
trajectory and the line of force have contact of order p. Then 


$= 05", 
PO=AM[TY + AK] 
$5] Buel +P? + aD { (26-+1)T+2pR ] 
AZ Reariyee pro? 1), | . 
TA Dart] (9°3) 
(m=0) 15.502), (8=3; 455. PD 
and D™*!=0, m>0. 
Also 
QO =O FP + Aw” ]AAT[Bnnt” + fice JEL Ca?) (94) 
(m=O, 1,...pP—2), (s=2, 3,...p), C2 1=0, m>1 
and Cc" —0, m>0. 
eines Kk!” =0=n;" (m=0, 1,...p—2) 
we have 
FOP H=TOAS+ [(2P+1) To +2pRo]Ke at 





S ne iS 9°5 
OP =F PN + for PRY ae 
As usual, equating the coefficients of Aj and At we get 
POP; (2p+1) +B Eo, (96) 


10. Fora particle projected with a velocity wv in the direction 
of the line of force we have from equations (9°3) and (9:4), 
and the fact that Fk occurs as a coefficient of K?—) which 


vanishes, that 70” and QO)” reduce to those in (7°3). Hence 


Theorems 3 and 4 hold good even in a resisting medium, Hence 
we note that the initial curvature of a free particle is influenced 
by the resistance of the medium when Ro=+:0 whereas, if the 
particle is projected with a velocity v, its presence is not felt as far 
as the initial curvature and its derivatives are concerned, 


Pawo PR Ober heZnROS-OR:THE 
SUCCESSIVE DERIVATIVES OF INTEGRAL 
FUNCTIONS 
By V. GANAPATHY IYER, Madras University 
[Received 2 July 1937] 


1. The following result has been proved by Takenaka :* 


TueoreM 1. Let f(z) be an integral function of order one 
and type not exceeding o. Let [a,] be a sequence such that 


lim |a,|=L<2? log 2. (1) 


Let f™(a,) =0, n=0,1,2.. Af (2)=f(2)]. Then f(z)=0. 


_1.1. The function sin z—cos z shows that log 2 in (1) cannot 
be replaced by any number greater than 7/4, and it has been 
conjectured} that this might be the best possible result and this 
conjecture has been proved truet when the numbers [a,] are real. 
In this paper I show that when f(z) is odd or even, log 2 in (1) 
can be replaced by log (2+ V3) >1>7/4; the function sin z shows 
that probably 7/2 is the ‘‘best possible constant” in the case.of odd 
or even functions, The method used closely resembles_ that 
employed by Takenaka to prove Theorem 1. The result can also 
be proved bya modification of the proof given by J, M, Whittaker§ 
for Theorem 1. 


2. We prove 


THEOREM 2, Let f(z) be an even or odd integral function of 
order one and type not exceeding o. Let [a,] be a sequence such 
that 

Se. 1 3 
fiaele teresa V3) (2) 


wo * 


If f(a,) =0, n=0, 1, 2,..., then f(2)=0. 


* Proc. Physico. Math. Soc. Japan, 14 (1932), 529-42. 


+ Cf. J. M. Whittaker, Interpolatory Function Theory, Camb. Tract, 
No. 33, p. 45. 


+ Schoenberg, Trans, Amer. Math, Soc¢,, 40 (1936), 12-23. 
§ loc. cit. 
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2.1. Theorem 2 is derived from 


TueorEM 3. Let f(z) be an even integral function of order 
one and type a<1, Let [a2,],n=0, 1,...be such that 


|a2n| CL <log (2+ V3). (3) 
Then, for all finite z, 


f(2)=), f°” (azn) pan(2)- (4) 


where 


bo(z)=1, ban(2) 


“2 ty ty ts fon—2 'on—1 ‘an 
=| an,| ar,| dt; | dt,. | dns dto, | dton+1 
ao 0 a, 0 Qon— 0 Gon 


(5) 
forn>1. 


2.2. To prove Theorem 3 we need the following 


Lemma. Let [a2], n=0,1,..., satisfy the condition (3). 
Let (2) be an even function regular in |2z|<R(>1). Then 


io @) 
o(2)=) Cone” cosh 02,2, (6) 
0 


the series on the right side of (6) converging absolutely and 
uniformly for \z|<r<l, 


Proor. Let 





@ 
b(2)=). are, (7) 
| 0 
Comparing (6) and (7) formally, we get 
Co=a, ) 
A2n-—2 : | 
dag aiem cues ee > * ’ See f (8) 


Now, given [a2n], [a2,], ~=0, 1, 2,..., suppose that the [co,] are 
calculated from (8). If for this en the series (6) converges 
absolutely and uniformly in some circle |z|< 0, , 

and (8), |z|<p>0, we get by (7) 


pg” (0) = y(n) (0) 
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where ¥(z) denotes the sum of the series (6) in |z|<p. Hence 


p(2)=v(2). Therefore, if it is shown that the series in (6) 
converges absolutely and uniformly for lz|<r<l, the Lemma 
would be proved. First we note that, in virtue of (3), 


1 
lim |?" cosh a2,2|)2"=|¢ 
Jim [2 cosh a2n2|**=|21. (9) 
Next, we show that for a properly chosen k, we must have 
lcas|<e, (10) 
for s=0,1,2,... Suppose that for some k, (10) holds for 
s=0, 1, 2,..,.2—1. Then (8) gives 


i he i? L*" 
Jeanl <Jaoul-+4] Sy t «tS | 
<|@2,|+k (cosh L—1), (11) 
Now, if M(R)= max |¢(z2)|, we have 
Is] <R 


M(R 
[yy etna ine 0, (12) 
R 
as m—»>o, since R>1. Since L<log (2+¥V3), we get 
cosh L—1<cosh log (2—V/3)—1=1. (13) 


Combining (11), (12) and (13), we conclude that there exists 
a constant k depending only on L, R and M(R), such that the 
relations 
aS SU; |} cacot el 

involve 

lCon| <R. 
Hence by induction, (10) holds for a properly chosen k and the 
Lemma follows from (9) and (10). 


2.3. Proof of Theorem 3, By (5), ps— (0) =0, s=1,.... 
Therefore we can write 


ban (2) = ‘ MTS: (14) 
v=0 
Let 
mon(2)= >, ASa”, (15) 
y=0 


Then if © denotes any circle round z=0, 
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mt nd AS Le 16 
pn (4) =5> [za cosh—ds, (16) 


From (5) and se we get 
5a 


rH s 1 v= 1. 


For a given 2, cosh wz is regular for all x; hence putting +=1/s 
and applying the lemma we # 


f o C2n(2 ate zl 
cost? = oe (18) 
WA 
which converges absolutely and uniformly for |s|>d>1. Taking 
|s|=d for I in (16) and using (17), we get from (18), that 
Can (2) Pag (2) a= 0, ee 
so that, for |s|>1, 


cosh~ SMO a ) ae (19) 
Now let 
b n " 
f(2)=) sine - (20) 
: ; 
and 
(2) =) bane". (21) 
; 


1 
Since iim [ban |?"=o0< 1, (2) is regular in some circle C:|2|<d>1, 
Taking C for I, we get from (19), (20) and (21), | 


1 e 
f(2)= a, ~~ cosh~ds 
1 a? 
= oP b2n(2) taal. pou cosh ast 


as ban(2) f°" (arn), 
0 
which proves the Theorem, 


A property of the zeros 20S 
2.4. Proof of Theorem 2. Suppose first that 


f(2) is even, <1, 
|a2,<L<log Cera a) t= Osh 2 ae 


In this case the Theorem follows at once from the relation (4) 
since the hypothesis of Theorem 3 holds and 


f°" (a2) =0, n=0, 1, 2,.... 


(22) 


Next suppose 
f(z) is even 
feel eS) n= 0, 1,24. f (23) 
J 


while f(z) is of type not exceeding o. Let 


o 


g(2) =t( ar ) ’ Ban= (o+e Ja, 
where e>0. Then the type of g(z) does not exceed nel 
C==F 


while g©” (B2,) =0; moreover 


[Boul < (ote) L <2 log (2+V3) <log (2+3), 


0 
if e>0 is small enough. Hence g(z) satisfies a hypothesis of the 
type (22) so that g(z)=0 which involves f(z)=0. Next suppose 
that 





log (2+ V3) 


lim oie Ue er ees 


while f(z) is even and of type not exceeding o. Let 7>0 be such 
that ; 


- for n>2nNpo. 





pany SCO eD, 


Then f°") (z)=g(z) satisfies (23) with B,=an42,,. Hence 
f°"(z)=0 and since f??(a2;)=0, s=0, 1,...m0—1 while 
{°—? (0) =0, s=1,. ..mo, we get f(z)=0. Hence, Theorem 2 holds 
when f(z) is even. If f(z) is odd, then g(z)=f’(z) is even and 
satisfies the conditions of Theorem 2 with £,=a,,,. Hence 
f’(z)=0; therefore f(z)=0 since it is odd. This proves 
Theorem 2, 

3. For functions regular in a finite circle the following result 
has been proved by Kakeya.* 


* See the reference in footnote 1, p. 125. 
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Tuerorem 4. Let f(z) be regular in |2|<R. Let [an] be 
a sequence such that 


lim n|a,|=L<R log 2. 


nD 


Then f™(a,)=0, n=0, 1, 2,..., involves f (2)=0. 


3.1. By modifying Kakeya’s method, or using the functions 


1 1 ] 

1 2n 

32° | ————~ +————_, 2 

2 Feu I (1+ a2n2) n+1 

instead of s°" coshar,z and proceeding as in the proof of 
Theorem 2 we can establish 


THEOREM 5, Let f(z) be an even or odd function regular in 
|j2Z|<R. Let [a,] be such that 
lim nla,|=L<R log (2+V3). 


nN—->OO 

Then f(a) =0 involves f (2)=0. 
3.2. It may be noted that in Theorems 2 and 5 it is sufficient 
to suppose that 
f°” (a2,) =0,.n=0, 1, 2.... 

when f(z) is even and 

Preah y) =0, n=O, i 2,- tee 
when f(z) is odd, since the remaining derivatives in the respective 
cases vanish at z=0, 
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